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The leading-twist parton distribution functions of the pion and kaon are calculated for the first time using a
rainbow-ladder truncation of QCD’s Dyson-Schwinger equations (DSEs) that self-consistently sums all planar
diagrams. The non-perturbative gluon dressing of the quarks is thereby correctly accounted for, which in
practice means solving the inhomogeneous Bethe-Salpeter equation (BSE) for the quark operator that defines the
spin-independent quark distribution functions. An immediate consequence of using this dressed vertex is that
gluons carry 35% of the pion’s and 30% of the kaon’s light-cone momentum, with the remaining momentum
carried by the quarks. The scale associated with these DSE results is µ0 = 0.78GeV. The gluon effects generated
by the inhomogeneous BSE are inherently non-perturbative and cannot be mimicked by the perturbative QCD
evolution equations. A key consequence of this gluon dressing is that the valence quarks have reduced support
at low-to-intermediate x, where the gluons dominate, and increased support at large x. As a result, our DSE
calculation of the pion’s valence quark distribution is in excellent agreement with the Conway et al. pion-induced
Drell-Yan data, but nevertheless exhibits the qpi (x) ' (1 − x)2 behavior as x → 1 predicted by perturbative QCD.
The Standard Model supports only one stable hadron – the
proton – as such this quark-gluon bound state has received
the bulk of experimental and theoretical study in the context
of Quantum Chromodynamics (QCD). However, the octet of
Goldstone bosons – the pions, kaons and eta – play a unique
role in QCD, as they are associated with dynamical chiral
symmetry breaking (DCSB) and would be massless in the
chiral limit (vanishing current quark masses). In addressing the
key challenges posed by QCD, it is therefore imperative that the
quark-gluon structure of QCD’s Goldstone bosons be explored.
Such studies are made more important because in the neigh-
borhood of the chiral limit soft-pion theorems provide a num-
ber of exact results for the properties for QCD’s Goldstone
bosons [1–3]. Goldstone bosons are also amenable to analyses
within perturbative QCD in certain kinematic limits, such as the
large Q2 behavior of the electromagnetic elastic and transition
form factors [4–7]. The domain of validity of such results can
be explored through a comparison with experimental data, and
further study using non-perturbative methods that maintain a
close connection to QCD [8–10]. In this way the inner workings
of QCD and the strong interaction can be further revealed.
A prominent example is the pion’s parton distribution func-
tions (PDFs) and their behavior near x = 1. A longstanding
prediction, first based on model field theories and perturba-
tive QCD, and later made rigorous within QCD factoriza-
tion, is that the pion’s quark distribution function behaves
as qpi(x) ' (1 − x)2 [11–16] and the gluon distribution func-
tion as gpi(x) ' (1 − x)3 [17, 18] in the limit x → 1. The
pion’s quark distribution has been measured over the domain
0.21 6 x 6 0.99 in the E615 experiment [19] using the pion-
induced Drell-Yan reaction pi−N → µ+µ−X , and data suggests
that the pion’s quark distribution behaves as qpi(x) ' (1 − x) as
x → 1. This contradiction between QCD theory and experi-
ment has been an enduring puzzle in hadron physics [20–22].
Calculations of the pion’s valence quark distribution using
QCD’s Dyson-Schwinger equations (DSEs) [23, 24] were first
performed in Ref. [25], with a number of subsequent calcula-
tions of various degrees of sophistication [26–30]. These DSE
calculations were consistent with the QCD theory expectation
as x → 1 and in strong contrast to the E615 data at large
x. The origin of the agreement between the DSE results and
perturbative QCD is that the ultraviolet behavior of the q¯q
interaction is dominated by one-gluon exchange in both cases.
The apparent disagreement between the E615 data and
predictions from QCD theory and the DSEs was highlighted in
Ref. [21], which motivated another analysis of the E615 data by
Aicher et al. (ASV) [22] that for first time included soft-gluon
summation. This analysis found good agreement with the DSE
results for qpi(x) and is consistent with perturbative QCD for
qpi(x) as x → 1. However, the gluon PDF at the initial scale
in ASV behaves as gpi(x) ' (1 − x)1.3 as x → 1, and therefore
disagrees with the perturbative QCD expectation. The DSE
results also lacked a self-consistent treatment of the quark and
gluon contributions to the pion PDFs, and disagreewith themost
recent global analysis by the JAM Collaboration [31], which
indicates a preference for qpi(x) ' (1 − x) as x → 1 but does
not include soft-gluon resummation. Nevertheless, JAM finds
gpi(x)/qpi(x) = 0 as x → 1, consistent with perturbative QCD.
In this work we revisit this puzzle using the DSEs and make a
significant improvement over previous calculations by treating
the quark and gluon contributions to the PDF self-consistently.
This is achieved by solving the inhomogeneous Bethe-Salpeter
equation (BSE) for the dressed quark operator that defines
the spin-independent quark distribution functions. This self-
consistent gluon dressing maintains the qpi(x) ' (1 − x)2
behavior predicted by perturbative QCD but pushes its onset to
much larger x. The new DSE result is consistent with the E615
data from Conway et al. [19], perturbative QCD expectations
for qpi(x) and gpi(x) as x → 1 [12, 14, 17, 18], and the recent
JAM Collaboration analysis [31] for x < 1.
These calculations illustrate two important points: 1) The
perturbative QCD predictions emphasize the derivative at x = 1
and need not influence the physically accessible domain; 2) A
robust QCD analysis of the large-x behavior of the pion’s quark
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2distribution should treat the gluon distribution self-consistently,
which should imply that the gluon PDF is more suppressed at
large x than the quark PDF, because the large-x quarks are the
source of the large-x gluons [17, 18].
The leading-twist pion and kaon quark distribution functions,
which for a quark of flavor q are defined by [32–35]:1
q(x) =
∫
dλ
4pi
e−i xP ·nλ 〈P |ψq(λn) /nW(λ, n · A)ψq(0)|P〉c, (1)
where n is a light-like 4-vector (n2 = 0) [34–36], are evaluated
here using QCD’s DSEs in the rainbow-ladder truncation
defined inRef. [37]. TheDSEs have proven to be a powerful tool
with which to study hadron structure [23, 24], with particular
success in predicting the properties of the Goldstone bosons [9,
10, 38, 39] since the DSE framework encapsulates many aspects
of DCSB and quark-gluon confinement in QCD [23, 40].
Within a rainbow-ladder truncation to QCD’s DSEs the quark
distribution functions in a meson M can be represented by the
diagram in Fig. 1, and expressed as
qM (x) = 12 P · n Tr
∫
d4p
(2pi)4 ΓM (p, P) S(p) Γq(x, p, n)
× S(p) ΓM (p, P) S(p − P), (2)
where the trace is over Dirac, color, and flavor indices. The
dressed quark propagator S(p) is obtained by solving the gap
equation [23, 24, 37] and the bound-state amplitude ΓM (p, P)
is the solution to the homogeneous BSE [37, 38, 41], which in
the rainbow-ladder truncation sums an infinite number of ladder
gluon exchanges between the quark and antiquark. In Fig. 1
these gluons have been absorbed into ΓM (p, P) and ΓM (p, P).
The vertex Γq(x, p, n) represents the infinite sum of exchanged
dressed-gluons in Fig. 1 and satisfies the inhomogeneous BSE
Γq(x, p, n) = iZ2 /n δ
(
x − p · n
P · n
)
−
∫
d4`
(2pi)4 γµKµν(p − `) S(`) Γq(x, `, n) S(`) γν, (3)
where Z2 is the quark wave function renormalization.
The rainbow-ladder BSE kernel has the form Kµν(q) =
Z22 G(q2)D0µν(q), with D0µν(q) the bare gluon propagator in
Landau gauge, and G(q2) the effective running coupling whose
infrared behavior is governed by a single parameter [37] and in
the ultraviolet is one-loop renormalized QCD.
Physical insight into Eq. (2) can be obtained by introducing
1 =
∬
dydz δ
(
y − p ·nP ·n
)
δ
(
z − k ·np ·n
)
, and in that context obtain
Γq(x, p, n) =
∬
dy dz δ(x − yz) δ
(
y − p · n
P · n
)
Λq(z, p, n), (4)
1 The Wilson line in Eq. (1) enforces color gauge invariance and in light-cone
gauge (n · A = 0) becomes unity [34]. The DSE approach used here is
formulated in Landau gauge, so the gauge link can in principle make a
non-trivial contribution to the PDF. However, we leave the challenge of a
DSE treatment for the Wilson line to future work.
Figure 1. Diagram that gives the quark distribution in a pion or kaon,
where all quark and gluon propagators are dressed. The elementary
operator insertion is given by ⊗ = i Z2 /n δ(x − k · n/P · n).
where z = k · n/p · n = xP · n/p · n = x/y is the light-cone
momentum fraction of the “active” quark relative to the host
dressed quark, and y is the host dressed quark light-cone mo-
mentum fraction relative to themeson. The hadron-independent
vertex Λq(z, p, n) is represented by the inhomogeneous BSE:
Λq(z, p, n) = iZ2 /n δ(1 − z) −
∬
du dw δ(z − uw)
∫
d4`
(2pi)4
× δ
(
w − ` · n
p · n
)
γµKµν(p − `) S(`)Λq(u, `, n) S(`) γν, (5)
which has a solution of the form
Λq(z, p, n) = i/n δ(1 − z)
+ i/n f q1 (z, p2) + n · p
[
i/p f q2 (z, p2) + f q3 (z, p2)
]
. (6)
The functions f qi (z, p2) can be interpreted as quark distributions
for an active quark inside a dressed quark with virtuality p2.
The key advance in this work is a rigorous treatment of
the dressed quark operator Λq(z, p, n) in a rainbow-ladder
truncation to QCD’s DSEs, which allows for a self-consistent
distinction between the momentum carried by quarks and glu-
ons. Two approximations to Eq. (5) are common: the simplest
is to ignore the gluon dressing which is natural in Nambu–Jona-
Lasinio type models [42–44], another, adopted in previous
DSE-based approaches, is the Ward-identity ansatz (WIA):
Λq(z, p, n) → ΛWIAq (z, p, n) = δ (1 − z) nµ
∂
∂pµ
S−1q (p). (7)
This ansatz approximates the true light-cone momentum
fraction z = k · n/p · n by z = 1, which in rainbow-ladder
truncation is exact for the zeroth moment, but breaks down
for any higher moment and therefore does not distribute
momentum in a physical way between quarks and gluons. To
date all DSE studies have employed the WIA.
The DSEs are formulated in Euclidean space and therefore a
direct evaluation of Eq. (2) to obtain the pion and kaon PDFs is
challenging because of non-analytic structures in the complex
plane. This can be alleviated by first calculating a finite number
of moments – defined by 〈xn〉qM =
∫ 1
0 dx x
n qM (x) – and then
3Figure 2. Results for f q
i
(z, p2) from Eq. (6), which can be interpreted
as a PDF for the active quark in a parent dressed quark of virtuality
p2. The colored surfaces represent results for u/d quarks, while the
gray surface depicts s quark results relevant to the kaon.
reconstructing the PDFs from these moments. As a first step we
must solve Eq. (5) – using the moment method – from which
we can reconstruct the functions f qi (z, p2).
Results for f qi (z, p2) are given in Fig. 2 for u/d and s (active)
quark PDFs in a parent dressed quark of the same flavor – there
is no flavor-mixing in rainbow-ladder truncation. These results
are obtained by solving for a large number of p2-dependent
moments of Eq. (5) that are then accurately fitted by a function
of the form f (z, p2) = N(p2) zα(p2) (1 − z) β(p2) [1 + c(p2) √z] .
Our results for f qi (z, p2) show significant support over the entire
z domain, which is a consequence of the non-perturbative gluon
dressing of the elementary quark operator and a direct indication
PDF Q (GeV) 〈x〉 〈x2〉 〈x3〉 〈x4〉
upi 0.78 0.323 0.167 0.109 0.083
uK 0.78 0.297 0.148 0.092 0.065
s¯K 0.78 0.402 0.221 0.143 0.101
upi 1.3 0.268 0.125 0.076 0.054
JAM 1.3 0.268 0.127 0.074 0.048
ASV 1.3 0.247 0.106 0.055 0.033
LQCD 2.0 0.27 0.13 0.074 —
Table I. Top-panel: DSE results at the model scale for low moments of
the u quark distribution in the pi+, and the u and s¯ quark distributions
in the K+. Bottom-panel: Comparisons between our pion DSE results
and analyses from JAM [31] and ASV [22], and lattice QCD [45].
that gluons carry significant momentum. This can be contrasted
with the elementary vertex where the functions f qi (z, p2) vanish
and the WIA where all strength is concentrated at z = 1. The s
quark distributions have support concentrated closer to z = 1
relative to the light quarks, which indicates that the active s
quark tends to carry a larger light-cone momentum fraction of
the parent and that gluon dressing effects are suppressed.
For each f qi (z, p2) we find that as the dressed quark vir-
tuality increases gluon dressing effects diminish, and since
the renormalization condition for the dressed quark propaga-
tor is S−1q (p)

p2=µ2
= i/p + mq , where mq is the renormalized
current quark mass of flavor q, the functions f qi (z, p2) vanish
when p2 = µ2. The results in Fig. 2 have the renormaliza-
tion scale set to µ = 2GeV, and mu = md which implies
f ui (z, p2) = f di (z, p2). Importantly, these PDF results for an
active quark in a parent dressed quark of virtuality p2 are
universal for any DSE calculation of hadron quark distributions,
and are not specific to pion and kaon PDFs which is the focus
here. In a calculation of hadron PDFs the quantities f qi (z, p2)
appear with an integration over the dressed quark virtuality.
Using our results for Λq(z, p, n) we can now numerically
evaluate a finite number of moments for the pion and kaon quark
distributions defined in Eq. (2). Our DSE framework conserves
baryon number, and therefore 〈x0〉qM = 1 for each valence quark
q. In Tab. I we present results for four non-trivial moments.
Since the DSE framework developed here is self-consistent
and therefore momentum-conserving, the results in Tab. I and
the momentum sum rule 〈x〉uM + 〈x〉u¯M + . . . + 〈x〉gM = 1 then
immediately imply that gluons carry 35% of the pion’s and
30% of the kaon’s light-cone momentum at the DSE scale, with
the reminder carried by the quarks. The DSE scale is found
to be µ0 = 0.78GeV by matching the DSE quark momentum
fraction to that found by JAM [31], and it is clear from Tab. I
that the heavier s quark suppresses gluon momentum fractions.
In the context of the triangle diagram of Fig. 1, and in the
rainbow-ladder truncation, there are two processes that allow
gluons to carry momentum: 1) the gluon dressing of the quark
operator, and 2) the gluons that are exchanged between the
quark and antiquark pair to form the bound state. Comparison
with PDF results obtained using a bare vertex and the WIA
indicate that the gluons that dress the quark operator carry the
4PDF N αi ci
upi 9.567 [1.702, 7.857, 34.19] [3.688, 21.17, 2.699]
uK 12.16 [4.344, −4.516, 12.23] [0.258, 4.249, −2.883]
s¯K 25.37 [5.497, −4.425, 14.46] [0.324, 4.768, 1.099]
Table II. Fit parameters for Eq. (8) that give the valence quark distri-
butions at the model scale of µ0 = 0.78GeV.
bulk of the gluon momentum in the bound state.
To re-construct the PDFs from the moments we fit them to
q(x) = N xα1 (1 − x)2 (1 + c1xα2 + c2xα3 ) + c3(1 − x)4, (8)
with the resulting fit parameters provided in Tab. II for the pion
and kaon valence PDFs. The DSE framework has been shown
to give an exponent q(x) ' (1 − x)2 as x → 1 for each quark
distribution [25–27]; we therefore impose this constraint in
Eq. (8). DSE results for the pion and kaon quark distributions
are presented in Fig. 3 at a scale ofQ = 5.2GeV. Our DSE result
for the pion is in excellent agreement with the pion-induced
Drell-Yan measurements of Conway et al. [19] over the entire
x domain of the data, as well as the recent JAM analysis [31].
The only kaon data is for the ratio uK (x)/upi(x) [46], and again
we find excellent agreement.2
Fig. 3 contrasts our DSE result for upiv (x) with the rainbow-
ladder DSE calculation from Ref. [26] that used the WIA. The
self-consistent treatment of the gluon contributions to the PDFs
has a dramatic impact on the quark distributions over the entire
valence region, except near x = 1. The differences between our
DSE result and earlier results using the WIA can be understood
as follows: the non-perturbative gluons that dress the quark
operator that defines the PDFs dominate at low-to-intermediate
x, and in this domain carry significant momentum, thereby
reducing support for the quark distributions in this region. How-
ever, the valence quark PDFs must satisfy the baryon number
sum rule, which necessitates increased support at large x where
the gluons play less of a role. This shift in support for the quark
PDFs from the gluon dressing is inherently non-perturbative,
because here the quark-gluon splitting functions are dressed,
and therefore cannot be mimicked by the perturbative gluons
introduced by the QCD evolution equations.
In ourDSE calculation the large-x quarks are the source of the
large-x gluons, which implies g(x)/q(x) → 0 as x → 1 at the
initial DSE scale, in agreement expectations from perturbative
QCD [17, 18]. This is in contrast to the ASV analysis [22]
where gpi(x)/upi(x) → ∞ as x → 1 at the initial scale of the
PDFs. This observation may be the source of the differences
between the ASV analysis illustrated in Fig. 3 and our DSE
result. This illustrates the importance of a self-consistent
treatment of both the quark and gluon contributions in any PDF
analysis or calculation.
The pion and kaon PDF results presented here include for
the first time a correct treatment of the non-perturbative gluon
2 To perform the singlet DGLAP evolution needed in this case we take a gluon
distribution of the form g(x) = Ng x−1(1 − x)3 [47, 48] and use our results
for the gluon momentum fraction to constraint Ng .
Figure 3. Top panel: Solid line is our DSE result for the pion’s valence
quark distribution; green band is the JAM analysis [31]; dashed curve
is the DSE result from Ref. [26] which uses the WIA; and the dotted
curve is the NLO soft-gluon-resummation analysis from ASV [22].
All curves are at the scale Q = 5.2GeV and, with the exception of
JAM, have a x → 1 exponent consistent with theory expectations.
Bottom panel: Contrast between our DSE results for the pion and kaon
PDFs, and uK (x)/upi (x) which is compared to data from Ref. [46].
dressing of the quark operator that defines the spin-independent
quark distributionswithin a rainbow-ladder truncation toQCD’s
DSEs. With this framework it is straightforward to correctly
distinguish between quark and gluon contributions to PDFs,
which is shown to have a dramatic impact on quark PDFs over
the entire valence region. An immediate consequence of this
non-perturbative gluon dressing is that gluons carry 35% of
the pion’s and 30% of the kaon’s light-cone momentum at the
initial scale of the DSE calculations. Our results for the pion
and kaon PDFs are in excellent agreement with available data,
and agree with the perturbative QCD expectation as x → 1.
These results demonstrate that a self-consistent analysis of both
the quark and gluon PDFs is essential, and that more data on
both distributions in the pion and kaon is needed, e.g., from
the proposed electron-ion collider.
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